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Abstract

Based on a three-factor, two-level constant elasticity of substitution production function, this
paper develops an endogenous skill-biased innovation model using the neoclassical growth model
to analyze the dynamics of income inequalities. Stiglitz (2014) argued that the formulation of the
induced skill-biased innovation is a promising research approach for analyzing the various
inequalities in OECD countries, but did not extend the model analysis. Extending the innovation
possibility frontier that has a skill-biased innovation type, we investigate the dynamic properties
of income inequality and labor shares in the growth model. We show that capital-skill
complementarity production technology and the possible shift in the induced innovation
possibility frontier incorporating the externality of capital accumulation play significant roles in
the stability of steady state and the dynamics of labor shares and inequality. The implications of
the heterogeneity of population growth on the equilibrium skill-biased innovation and dynamics
of inequality are also investigated.
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1. Introduction

Parallel to the widespread inequality in advanced countries, there has been a growing literature
on skill-biased technology and inequality. Among these studies, having analyzed the dynamics
of technical unemployment in the framework of the induced factor-biased of innovation, Stiglitz
(2014) argued that the formulation of the induced skill-biased innovation is a promising research
approach for analyzing the various inequalities in OECD countries. One of the implications of the
induced innovation framework in line with Kennedy (1964) and Samuelson (1965) is that
relatively increasing the factor share can induce firms to introduce their own factor-augmenting
technical progress in the maximization of the instantaneous cost reduction rate of change on the
concavity of the innovation frontier. In this setting, an increase in the capital share of income
relative to the labor share of income, for instance, leads to a bias toward capital-augmenting
technical progress. If the elasticity of substitution between capital and labor is smaller than unity,
the steady state is stable, which reduces the capital share and leads to lower capital-augmenting
innovation. However, if the elasticity of substitution is larger than unity, the long-run equilibrium
is unstable, and thus this capital-augmenting technical progress further increases the capital share
without bounds. Stiglitz (2014) conjectured that the same logic can apply to the case of the
innovation of augmenting skilled labor and unskilled labor. In other words, an increase in the
income of skilled labor relative to unskilled labor can lead to skill-biased innovation. If the
elasticity of substitution between skilled and unskilled labor is larger than unity, skill-biased
technology further increases the skilled labor income, which induces even more skill-biased
innovation.

However, to consider formally how this conjecture affects the induced skill-biased innovation
in a growth economy, at least two modifications are needed. The first is a three-factor framework
and the associated elasticity of substitution in the three-factor case. In a growth model, capital
accumulation plays a role in the dynamics and associated income inequalities. Therefore, the
analysis of induced skill-biased innovation needs a three-factor framework including capital stock.
In such a framework, the substitutability and complementarity among skilled, unskilled labor and
capital play significant roles in the stability of the steady state and formulation of endogenous
biased innovation and inequality. Under three-factor production structures, the economy has the
widely estimated relevant capital-skill complementarity structure that implies an elasticity of
substitution between capital and skilled labor smaller than unity but that of substitution between

1 See Acemoglu (2002) and Hornstein et al. (2005). Recent studies have examined capital-
augmenting technical progress as an improvement in automation and artificial intelligence
technologies. See Acemoglu and Restrepo (2017a, 2017b), Kotlikoff and Sachs (2012), Graetz
and Michaels (2015), and Korinek and Stiglitz (2017). In this paper, as an exogenous parameter,
we analyze the impact of capital-augmenting technology on skill-biased innovation and income
inequality.



capital and unskilled labor larger than unity.? Hence, we investigate the stability condition of the
steady state and examine how the induced skill-biased innovation and associated income
inequality behave in the dynamic system.

The second modification is the innovation possibility frontier.> The weakness of the innovation
possibility frontier is that it does not have the possibility of shifting. This weakness makes the
determination of the growth rate unrealistic as well as ensures the constancy of biased
technologies and of the factor income ratio at the steady state. In particular, the latter case is
produced by the unique relationship between skill-augmenting technical progress and the factor
income ratio, which is derived from the maximization of the instantaneous cost reduction rate of
change on the concavity of the stationary innovation frontier. Therefore, in this stationary
innovation frontier framework, skill-biased innovation and income inequality do not change
unless the frontier curve shifts or the growth economy is in a transitional state.

To address these two respects, based on a three-factor framework with a two-level constant
elasticity of substitution (CES) production function that can capture relevant capital-skill
complementarity technology,® we develop endogenous skill-biased innovation using Solow’s
(1956) standard neoclassical growth model to analyze the dynamics of income inequalities. As
noted, Stiglitz (2014) conjectured about the skill-biased innovation, but did not extend the model
analysis. Developing the possible shift in the innovation possibility frontier in line with Kennedy
(1964), Samuelson (1965), and Drandakis and Phelps (1966) as well as assuming a tradeoff
relationship between skill-augmenting and unskilled-augmenting technical progress, ® we
investigate the characteristics of the induced skill-biased innovation and dynamic properties of
income inequality and labor shares in the three-factor growth model.

Further, according to the formulation of Adachi et al. (2019), we develop the induced
innovation frontier incorporating the externality of capital accumulation that can expand outward
at the innovation frontier.” R&D activity can be embodied in the new capital stock, and thus we
implicitly take account of this property as the possible shift in the innovation frontier. Developing
these modifications, our model can then analyze growth and inequality in the induced innovation
framework.

Our three main results are as follows. First, capital-skill complementarity technology and the
shift in the innovation possibility frontier play significant roles in the stability of the steady state

See Krusell et al. (2000) and Duffy et al. (2004).
See Acemoglu (2010) and Korinek and Stiglitz (2017).
See Nordhaus (1973) and Acemoglu (2015).
For pioneering works, see Griliches (1969) and Sato (1967).
Caselli and Coleman (2006) considered the same type of frontier in capital-skill
complementarity. However, they did not analyze the induced biased innovation.
" Samuelson (1965) suggested that the capital share of income can be one of the shift parameters
of the innovation possibility frontier.
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and dynamics of labor shares and wage inequality. The stability is fulfilled with some empirically
relevant capital-skill complementarity and this steady state is oscillatory. This finding implies
that even if the elasticity of substitution between skilled and unskilled labor is larger than unity,
which is the empirically relevant case,® when the elasticity of substitution between capital and
skilled labor is smaller than unity, the steady state becomes stable. Hence, there is no biased
innovation at this steady state. However, the induced skill-biased innovation can occur in the
transitional state.

Second, when the innovation frontier does not shift, the induced skill-biased innovation and
skilled /unskilled labor income ratio, which means labor income inequality, do not change at the
steady state. However, when the innovation frontier shifts with capital accumulation, a rising
population has a favorable influence on growth and the income distribution, as the population
growth can expand the innovation possibility frontier outward because of its positive influence
on capital accumulation. Thus, in some conditions, the increase in population growth can produce
economic growth and decreases income inequality. However, the opposite case applies. In other
words, a population decline, which is the relevant case in most advanced countries, is likely to
lead to a fall in the growth rate and an increase in income inequality.

Third, our analysis provides an implication for how the heterogeneity of population growth in
both labor types affects the induced bias of innovation, growth, and distribution. If population
growth in unskilled labor is larger than that in skilled labor, which means a scarcity of skilled
labor in the growth process, skill-biased innovation can be introduced even at the steady state,
which can then provide more growth. However, this is likely to produce greater income inequality.

The structure of the remainder of this paper is as follows. Section 2 presents the basic model.
Section 3 analyzes the dynamic system and the implications for the induced skill-biased
innovation and income inequality. Section 4 concludes.

2. Basic Model

2.1 Three-factor production function

We consider a three-factor production function that is twice differentiable and
homogeneous of degree one:

Y =F(AL, AL, BK), @
where Y is output, L is skilled labor, L. is unskilled labor, K is capital stock, A; is skilled labor
efficiency, A; is unskilled labor efficiency and B is capital efficiency.

We assume that this three-factor production function is a weakly separable sub-

& See Ciccone and Peri (2005). In the two-factor case, if the elasticity of substitution between
skilled and unskilled labor is larger than unity, the steady state may always be unstable and thus
the induced skill-biased innovation can raise the income of skilled labor over time.
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aggregate production function. For the production function, we specify a nested two-level
CES production function that has two elasticity parameters: the elasticity of substitution
between capital and skilled labor o1 and the elasticity of substitution between capital and
unskilled labor o2:
Y =F (Ly, Lz, K)
= [[ 5oL ((L-oyely (1- 50K} (1—al)/ol](l—oZ)al/(l—al)oZ +(1- 52)|_2(1—oz)/02] 02/(1 - 02) 2)

In this specification, o> > o1 provides a capital-skill complementarity technology® that
has been widely estimated (Krusell et al., 2000; Hornstein et al., 2005), and we deal with
this ongoing technical progress. In particular, our analysis focuses on inequalities in
empirically relevant capital-skill complementarity o,> 1 > 1.2

Under the assumption of constant returns to scale, we can rewrite the production function as
follows:

Y = BKf (AL, /BK,AL,/BK) (3)
Since we consider the long-run perfect competitive economy that has full employment, we simply
denote L, L, asfollows:

L, =uL,L,=(0-u)L 4)
whereu(= L, / L) isa proportion of skilled labor supply in total labor supply L . From (3), output
per capital y(=Y / K) isthen described as

y = Bf [ucx/ B, (L—u)x/ B] (5)
where c(= A / A,) is the skilled/unskilled labor efficiency ratio and x(= AL/K) is the
effective labor/capital ratio evaluated by unskilled labor efficiency. Over time, the movement of
the induced skill-biased innovation represents the dynamics of ¢ and capital accumulation
represents the dynamics of x. Later, we examine the dynamics of these two variables.

In the long-run economy, the skilled wage wi and unskilled wage w» are competitively
determined as their own marginal products. In this setting, the skilled wage rate w;and
unskilled wage rate w, are given by w, =oF /oL =ATf, and w, =0F /oL, = A, f, ,

® Defining cj= FjF /FiF; as the partial elasticity of the complementarity between i and j, capital-
skill complementarity is described as an inequality in which the elasticity of complementarity
between capital and skilled labor is larger than that between capital and unskilled labor ci (=
FikF /FiFk ) > cx (= FakF /F2Fk ). In our two-level CES production technology, a2 > o1
implies ci> cak since Cik— Cax = (o171 — 0271)/(1 — F2L2/F). Thus, a2 > o1 implies capital—skill
complementarity. In addition, in our three-factor case, the elasticity of substitution is not always
equal to the inverse of the elasticity of complementarity. Specifically, ci = (617! = 6271)/(1 -
FoLo/F) + 0,7 #0617t although cx =0, 2.

10 See Duffy et al. (2004) and Hornstein et al. (2005).
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respectively. Therefore, wage inequality w(=w,/w,) and labor income inequality
a/b(=wL, /w,L,), implying the labor share ratio, are described respectively as follows:

w="fclf,, alb=wlL, /w,L, = fc/ f{u/@—u)} (6)
where a is the skilled labor share and b is the unskilled labor share. The movements in
wage inequality and income inequality synchronize as long as the proportion of labor is constant;
in other words, no labor mobility across sectors occurs.

2.2 Induced innovation frontier
Consider the induced biased technologies in line with the Kennedy (1964) and Samuelson (1965)
type. We focus on two augmenting technologies, namely skill-augmenting technology
a(= A/ A) and unskilled-augmenting technology g(= A, 7 A,) ,» Where the dot denotes
dx/dt. Their rates of technical changes are given by the following innovation possibility
frontier q(«, B, g) = 0, which is rewritten as

B=p9), Bu<0, fuu <0, fig>0, fug>0 (7)
Here, . < 0 and .. < 0 exhibit the concavity of the innovation frontier that implies the
resource constraints devoted to these factor-biased technologies. Moreover, g(=K /K)
expresses capital accumulation and B4 > 0 represents a shift in the innovation possibility
frontier.!* Following Adachi et al. (2019), we assume that this comes from the R&D
activity embodied in the new capital stock, which can produce more possible biased technologies.
We formulate this as the external effect of capital accumulation on the innovation frontier. Thus,
Sy > 0 expresses the expansion of the innovation frontier. Furthermore, we assume £,
> 0, implying that the equilibrium skill-augmenting technology is an increasing function
of capital accumulation. Then, representative firms facing the innovation frontier aim
to maximize the instantaneous cost reduction rate of change aqa-+bg(a,g) With
respect to a, where a is the skilled labor share and b is the unskilled labor share. Solving
this maximization problem yields —g (a,g)=a/b. This means that the tangency of
the innovation possibility curve equivalent to the skilled/unskilled labor share ratio,
implying income inequality, determines the equilibrium skill-biased innovation. This is
explicitly shown as

f,[ucx/B,(1—u)x/B]cu (8)
f,[ucx/B,(1—u)x/B](1—u)

B, (x,9) =

where

11 As noted before, Samuelson (1965) suggested that the capital share of income is one of the
shift parameters at the innovation possibility frontier that has a tradeoff between capital-
augmenting and labor-augmenting technical progress.
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f,[ucx/B,(1—u)c/Blucx/B (9)

a=wlL /Y = fcux/Bf =
flucx/ B,(1—u)x/ B]

f,[lucx/B,(1—-u)x/B]@—-u)x/B (10)

b=w,L,/Y =f,1—u)x/Bf =
flucx/B,(1—u)x/B]

Equation (8) is solved for each equilibrium biased innovation « *and g*as follows.

a*=a(x,c,g,B,u) (11a)
p* = pla(x,c,g9,B,u),g]= B(x,c,g9,B,u) (11b)
2.3 Dynamics

We consider a standard Solow type neoclassical growth model. Under this model, aggregate
savings determine investment and thus can provide capital accumulation. Then, the rate of change
of the effective labor/capital ratio evaluated at unskilled labor efficiency x/x and that of the
skilled/unskilled labor efficiency ratio ¢/c are given by

X/x=A1A +L/L—K/K=8+n—sBf[ucx/B,(1—u)x/B] (12)

clc=AIA-AIA=F-«a (13)
where s represents the saving rate assumed to be simply constant and n is the rate of change in
total labor supply implying population growth. Then, equations (12) and (13) give the following
dynamic system:

x/x=B(x,c;g,B,u)+n—sBf[cux/B, (L—u)x/B] (14)
¢/c=a(xc;g,B,u)-£(x.c;g,B,u) (15)
g = sBf[cux/ B, (1—u)x/ B] (16)

The steady state is given by the solution to
PBla(x*,c*;g*, B,u),g*]+n=sBf[uc*x*/B,(L-u)x*/B] (17)
a(x*,c*; g*, B,u) = Bla(x*,c*; g*, B,u), g*] (18)
g* = sBf [c*ux*/B, (L—u)x*/B] (19)

At the steady state, there are the non-bias innovations: therefore, in our model, the skill-biased
innovation appears only in the transitional case. However, even at the steady state, we can also
have skill-biased innovation in the case of the heterogeneity of population growth, particularly
when the population growth of unskilled labor is larger than that of skilled labor. In the next
section, we analyze the properties of the dynamics and effects on the induced bias and inequalities.

3. Analysis

We first consider the stability of the dynamics and then analyze the comparative statics of income
inequality, the induced bias innovation, and growth at the steady state. Finally, we investigate the
implication of the heterogeneity of population growth.



3.1 Stability

Before analyzing the dynamic system, we start by examining the properties of the equilibrium
biased technologies. In equation (8), totally differentiating with respect to a, X, ¢, g, and B yields
the following equation.

Bl B)a=(Ffl 1+ f—f 17 —f,/f)X- é) +(f /=17 f+1)¢C

(B9 8.6 (20)
where X (= dx / x) denotes the percentage change in x and |, = AL, /BK,l,=A,L,/BK.

Based on our two-level CES production function, this equation is specified as follows:*2

(Bl £)G =0, o )R- B) 4 (w80, —xoy a4 K08~ (A4 £,)8

(21)
where 4 (=1—a—b) represents the capital share. Therefore, assuming capital-skill
complementarity technology (&, > &,), We find the effect of these parameters on the equilibrium

skill-biased innovation in the elasticity form as follows:

axla=Le K (67 _5y<0 (22a)
B..oal—b

acla= A—(—ao-z_l —Kxo, ' +a+x) (22b)
L..cc1l—b

agg/az_ﬁ;“gg >0 (22c)

agBla= iL(a{1 -0, 7)>0 (22d)
Lol—Db

Similarly, we find the effect of each parameter on the equilibrium unskilled-biased innovation in
the elasticity form as follows:

BXI p=p,axl >0 (23a)
B.cl p=p.aclp (23b)
By9! B =(B.a,+B,)9! B (23¢)
BBl p=p,c,Bl <0 (23d)

The results of x, ¢, and B come from the movement in the tradeoff relationship between skill-
augmenting and unskilled-augmenting technical progress at the innovation frontier. Thus, we

12 In our weakly separable two-level CES production technology, f,1,/ F,G, j=12) are

specified as follows: f ol / f,=—(xo, *+abo, )/ @A—b)<0, f I,/ f = bo,™ >0,
f l,/f,=ac,*>0,and f_l,/ f,=—(@1—b)o, ™ <0 . Thus, these specifications lead to

equation (21).



have the converse effects on « and . However, the results of g come from the shift in the
innovation frontier. This provides the possibility of increasing both « and g. In our later
analysis of inequality, we see that these differences provide different outcomes.

Here, an increase in x leads to a decrease in « , but an increase in 3. However, increases in
g and B lead to an increase in « but a decrease in g . A similar result applies to the effect of c,
although this effect is ambiguous. However, the increase in ¢ can sufficiently lead to a decrease
in o and therefore an increase in B if the stability condition in (27) is satisfied. This stability
condition corresponds to an elasticity of substitution less than unity in the two-factor case. In the
three-factor, two-level CES case, some of the capital-skill complementarity in &, >1> o, and
1> o, > o, provide the stability. In this case, the relative increase in skill-biased technology
decreases the skill-biased innovation, which can produce stability. However, the effect of capital
accumulation g produces different outcomes. We have a positive effect of gonboth  and g
if g .>o0and g =pa +p, >0 are provided. These expansion effects of capital
accumulation play significant roles in the comparative statics of inequalities at the steady state.

Now, let us consider the stability condition of the dynamics. Linearizing in equations (17) and
(18) that incorporates (19) at the steady state and rearranging, we have the following dynamic
matrix equation:

p.a p.a

[5(),(/)()/5)()_ —ﬁ+n(aXX/a)+A(a+b) ﬁ+n<aCC/a)+Aa [dxlxj

oCl)oC) | @ 4 g Yaxia)+Bla+b) —Z—1- . )a.cla)+Ba | 9¢7C

o +nNn o +nNn
(24)

where

A=pB,a,+ B, —1=p, 1, (252)

B=Q1-8)a,—f,=a,—f, (25b)

Describing the matrix of the partial derivatives of the differential equations as J, the stability of
the steady state is then locally satisfied when the trace of the matrix J is negative and the
determinant of the matrix J is positive. With some calculation, the trace and determinant of the
matrix are respectively given by

o

trd = {B,a.x! ax+ Q- B,)x.cla}+ A(a+b)+Ba

a+n

_ . (2 B, 1 -1 1 o (26)
=—1-2, ﬂg)|:(a+n)2 5. b(l—b)(ao-z +bxo, a bK')+b:|<O

detd = A :Ln{ﬂaB—(l—ﬂa)A}{aaxx/a—(a+b)acc/a}
o +



1 1 1 -1
=a+nﬂﬂ_;(l_ﬂa_ﬁg)ﬁ(aaz +brxo, " —a—bkx)>0 (27)

From these two inequalities, we have the following proposition about stability at the steady state.

Proposition 1
With endogenous factor-biased innovation that may shift because of capital accumulation in the
three-factor, two-level CES production economy, the steady state is sufficiently stable if the
expansion effect of the innovation frontier is weak and there is some capital—skill complementarity.
Specifically, the steady state is sufficiently stable and oscillatory if

1-B8,-B, >0, ac,  +bxo, ' —a—bx >0 (28)

[Insert Figures 1 and 2]

Figures 1 and 2 show Proposition 1 in the case of 1-— B,—B,>0. We make three remarks. First,

the two stability conditions imply that dynamic stability is produced by the stable stationary
innovation frontier and some factor complementarity production technology. The latter case
corresponds to an elasticity of substitution smaller than unity in the two-factor case. However, the
former case is a new one. The implication is that the steady state becomes unstable even for some
factor complementarity if /3 is so large such that the R&D associated with capital accumulation
can produce more expansion at the frontier. However, if this is not likely to be the case over time,
it is plausible to focus on the case of 1-8,-B,>0. In this case, Figure 1 shows Proposition 1
in two kinds of elasticity of parameters spaces o, " —o, .

Second, in the three-factor case, the steady state is stable in capital-skill complementarity
1> o, > o, aswell as in some empirically relevant capita-skill complementarity o, >1> o,.

The latter implies that even if the elasticity of substitution between skilled and unskilled labor is
larger than unity, implying , -1, which is the empirically relevant case,® the smaller elasticity

of substitution between capital and skilled labor makes the steady state stable. Figure 2 shows the
stability case in which convergence is oscillatory. However, if ac,™ +bxo,* —a—bx <0,
implying some factor substitutability, the steady state is unstable and the saddle point shown in
Figure 3. This is the same as the elasticity of substitution being lager than unity in the two-factor
case. In other words, in this case, skill-biased technology produces more skilled labor income and

thus more skill-biased innovation. Hence, this induced innovation produces more income
inequality if ac,™+bxo,*—a—bx <0 , implying the larger substitutability between

13 See Ciccone and Peri (2005). As noted in footnote 8, if the elasticity of substitution between
skilled and unskilled labor is larger than unity, the steady state may always be unstable in the
two-factor case.
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unskilled labor and capital even for some relevant capital—skill complementarity.

[Insert Figure 3]

Finally, this stability condition in unrelated to the aggregate elasticity of substitution between
capital and overall labor ¢ * (= (a+ bx)/(ac1 ™+ bxa>™) ).** Indeed, even if the aggregate elasticity
of substitution is smaller than unity, instability is likely to occur.?® This is because the innovation
frontier does not contain capital-augmenting technology and thus the maximization of the
instantaneous cost reduction rate of change does not focus on capital-biased innovation. Thus, if
the innovation frontier has capital-augmenting technology and labor-augmenting technology in
the three-factor case, an aggregate elasticity of substitution smaller than unity may play a crucial
role in the stability condition.

3.2 Comparative statics

Analyzing the comparative statics at the steady state, we see that the factor substitutability and
the expansion effect of the innovation frontier have a significant effect on the results of the
analysis. First, we consider the case of the effective labor/capital ratio and skilled/unskilled
efficiency ratio. Total differentiation in the steady state produces the following matrix:

L@ (o X1 )+ Afa+b) Ba® (acla)+ Aa
+ L+

e " [dX/X)=( Ajds/s
(1 g ax] @)+ Blarh) —Z—@-f,)ec/a)+Ba | 00T TP
a+n a+n

_ L%y Bla)-Ac _n
+ p+n dB/B+| AB+n |dn/n
——2% _Aa-B.)a,B/la)-Bc 0
o +nNn

(29)
We assume the stability condition A>0 is satisfied. In this case, from this matrix, we obtain the
following results for capital-skill complementarity technology:

~,~ 1 1 1 _ _
X/S:Za+n a-2z, —ﬁg)go; E(—ad2 '— ko, t+a+x)<0 (30a)
g/rg-1_1 a-z, —ﬁg)ix(l—aﬁ) <0 (30b)

B

1 5 *is derived in the appendix.
15 See Figure 1.
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1 1 1 - B, —K (o, 1) 0 (31a)

Cls:Za+n( - B, ﬂg)ﬁml = —oy
~ "_i 1 _ _ ﬁa —K -1 -1 (Blb)
CIB= R iy O A= B (o —e) > 0
o/ a_1 —n 1 NP, L 5 (32a)
X/n_A,B+n[—a+n(l 'B“),B(m_l—b( ao, Ko, T +a+x)+(a, ,Bg)aJ

(32b)

era=+_"n [ain (1—@)%;%(0;1—0;1”(% —/’%)a}

Thus, both an increase in the saving rate and further capital-augmenting technical progress lead
to a decrease in the effective labor/capital ratio evaluated at unskilled efficiency, but an increase
in the skill/unskilled efficiency ratio. Alternatively, the effects of population growth on these two
equilibrium variables are ambiguous. However, if the expansion effect of the frontier is small or
the effects of capital accumulationonboth o and g are similar, then the decline in population
growth has the same influence on x and c. Specifically, the decline in population growth decreases
the effective labor/capital ratio evaluated at unskilled efficiency, but increases the skill/unskilled
efficiency ratio. Hence, skill-biased innovation occurs only on the transition path toward the new
steady state (Figure 4). Therefore, even in the case of population growth, there is non-biased

technical progress at the steady state.
[Insert Figure 4]

Next, let us consider the effects of the parameters on the labor shares, inequality, and biased
technologies at the steady state. Table 1 summarizes the results. Total differentiation with respect
to the skilled labor share a, unskilled labor share b , and aggregate labor shares (= a-+b) in
our specified production function provides the following equations:

A=(f 7 f+f L/ f+1—FfL/f—fL,/f)R-B)+Q@+ f,l,/f—fl/f)éE

=X (o, o, +1—b)(R—B)+—— (=0, —abo, '+ x+ ab)é (33)
1-b 1-b
b=(fl,/f,+ fl,/ f,+1— L/ f— 1,/ f)(R—B)+(ful,/f, — fl,/ f)E
= x(l—o,)(R—B)+a(c,* —1)& (34)
5 = a_ 4. b 5 (35)
a+b a+b

Taking account of (30) — (32) in the above equations, we have the following consequences in
some empirically relevant capital-skill complementarity (o, >1> o,)-

Concerning the saving rate and capital-augmenting technical progress, we find the same results
because the frontier does not shift at the steady state:
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4/8=b/8=58 /15=2—1 - p, - p) L nl-o,)0-0,") <0 (36)

Aa+n Lo
a/é=6/é=§L/é=i 1 (1—,8a—ﬁg)'8”‘ (l—o,)A—-0c, ) <0 (37)
A oa—+n e
4/5-b/§=0, a4/B-b/B=0 (38)
Gl§=pB15=0, GIB=R/B=0 (39)

In other words, both an increase in the saving rates and the advancement of capital-augmenting
technical progress decrease the skilled labor shares, unskilled labor share, and aggregate labor
share at the same rates. Thus, the capital shares rise, but labor income inequality a /b does not
occur. These results come from the fixity of the innovation possibility frontier at the steady state
at which not shifting the innovation frontier provides the constancy of the tangency of frontier
curve, which is equivalent to the labor/income ratio. Hence, the movement of the skilled labor
shares can synchronize with that of the unskilled labor share and unbiased innovation occurs in
at steady state.

However, the consequences of population growth provide different outcomes because the
innovation may expand because of capital accumulation. As a result, the shift in the innovation
frontier has a positive influence on growth, which may affect income inequality. The results are

given as follows:

CY i — [ L A (1—,3a)K(1—O'2_1)(1—O'1_1)+(ag_59)%(ao-2_1+1«71_1—a—1<)}

Apg+n|a+n g,
(40)
T P LI PR R e ot _Ayal (41)
b/n_Aﬂ+n(l o, )[a—l—nﬂ(m QA-B)xQ—0o, )+ (o4 ﬁg)aj|
a A_i —n 1 . _ -1 1 - b a -1 __ -1
SL/n_Aﬁ+nK|:a+n,8m Q-8)A-0c, )A—0, )+ (e 'Bg)_l—bl—lc(o-l o, )J
(42)
A1A_BIA— -1 Pou - (43)
a/n—b/n 15, -5, B, (ag — By)n
GIA=fIA——Ps N _g. (44)
1—-B.— B, B

Specifically, in some relevant capita—skill complementarity, although the effects of population
growth on each labor share become ambiguous because of the expansion effect, labor income
inequality declines if its influence on skill-biased innovation is greater than that on unskilled-
biased innovation. Moreover, if the influence of the expansion frontier on each biased innovation
is similar, population growth leads to decreases in the skilled labor share, unskilled labor share,
and aggregate labor share. Further, we find a positive influence on both skill-biased and unskilled-
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biased innovations at the same rate, and thus a positive effect on growth. Conversely, in this case,
a population decline provides the opposite outcomes. Summarizing the outcomes, we have the
following proposition.

Proposition 2

With endogenous factor-biased innovation that may shift because of capital accumulation in the

three-factor case, with some relevant capital-skill complementarity technology, the following

holds:

1. Because, at the stable steady state, the change in the saving rate and advancement of capital-
augmenting technology cannot produce a shift in the innovation possibility frontier, neither
skill-biased nor unskilled-biased innovation changes. Thus, labor income inequality does not
occur, although the increase in the saving rate and advancement of capital-augmenting
technical progress can lead to decreases in the skilled labor share, unskilled labor share, and
aggregate labor share at the same rates.

2. However, even at the stable steady state, because population growth may shift the innovation
frontier, both skill-biased and unskilled-biased innovation can proportionally change.
Therefore, population decline is likely to move the frontier inward, leading to decreases in the
skilled labor share, unskilled labor share, and aggregate labor shares if the expansion effect
of both skill-biased and unskilled-biased innovation is weak. Furthermore, an increase in
income inequality can occur if the expansion effect of skill-biased innovation is larger than
that of unskilled-biased innovation.

Table 1. Effects of the parameters on labor shares, inequality, and biased innovation

X ¢ a b s alb a B ¢

s - + - - - 0 0 0 ©
B - + - - - 0 0 0 o©
n T T S L IR

Note: o, >1>0,, A=ac, +bxo, ' —a—bx>0

d>0,e<O0 if ag;,gg. f <o if ag>ﬁg-
In the stability case of the steady state, our outcomes for the labor shares at the steady state depend
crucially on the property of some substitutability between capital and unskilled labor; in other

words, some substitutability between skilled and unskilled labor among some relevant capital—
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skill complementarity technology &, >~1> &,. Conversely, even at the steady state, there is

some complementarity between capital and unskilled labor among capital-skill complementarity
1> o, > o,, and thus some outcomes can be reversed.

3.3 Implications of the heterogeneity of population growth
Finally, we consider the case of the heterogeneity of population growth. One of the weaknesses
of our analysis thus far is that the steady state has no biased innovation, implying that skill-biased
innovation is the equivalent to unskilled-biased innovation. However, even at the steady state in
our framework, the equilibrium skill-biased innovation can be introduced if the population growth
of unskilled labor is larger than that of skilled labor. This is likely to occur if the newly arrived
technologies lead to the obsolescence of many types of skills, which implies an increasing number
of unskilled workers (i.e., the greater scarcity of skilled labor in the growth process).

To analyze this case, we modify our framework. Let n, and n, denote the population growth

of skilled labor and unskilled labor, respectively, and we assume that the population growth of
unskilled labor is larger than that of skilled labor n, > n, . In this setting, rewriting output per
capital leads to

y = Bf (6x/ B, X/ B) (45)
where ¢(= AL,/ AL,) Iisthe effective skilled/unskilled labor ratio and x(= AL, /K) isthe

effective unskilled labor/capital ratio. Then, the dynamics of X and & are given as follows:
X/ %X=p+n,—sBf (6X/B,X/B), é&/c=p—a+n,—n, (46)
Since the formulation of factor-biased innovation is the same, the solution to the maximization of

the instantaneous cost reduction rate of change on the concavity of the innovation
possibility ~ frontier  yields - («,g)=a/b , which is shown as

f,(cx/B,X/B)¢ . Thus, we have a*=a(X,€,g,B) ,

£* = Bla(%, €, g,B), gl= B(X, €, g,B) . Therefore, the dynamics are explicitly given by

%/ %= pB(X,¢ 9,B)+n, —sBf (6x/B,%X/B), (47a)

¢/¢=a(%¢9,B) - pS(%¢9,B)+n,—n,. (47b)

g = sBf (6x/ B, X/ B) (47c)
Hence, the steady state is given by the solution to

B(X*,€*,g*,B)+n, =sBf[6*X*/B,X*/B] (48)

a(%*,6%,g*, B) +n, = B(X*, & g*, B) +n, (49)

g* = sBf (E*X*/B,X*/B). (50)

[Insert Figure 5]
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Figure 5 illustrates this steady state. As far as n,>n , we have
a(%X*, 6%, g*, B) > B(%*,&*, g*, B) . Inother words, in this case, more skill-biased innovation is
introduced because the scarcity of skilled labor induces firms to promote skill-augmenting

technology. Moreover, purely skill-biased innovation can appear if the population growth of
unskilled labor is high such that the upward line satisfying « +n, = g+n, intersects with point

a, on the innovation frontier in Figure 5.
In addition, we can see the consequences of the population growth in unskilled labor at the
steady state. Calculating the comparative statics provides the following results:*®

~ .~ 1 n [ -1 1 . .

A NI iy ﬂﬁ:a 1—b(_a“21_mll+a+'()+(l_ag)a} o

~ . 1 n | 1 B &, 4 .

¢/n, =——2 @ - -(1-a,)a 51b
2 Tapen|ain p,1b 0 7 ag)} o

~ a1 N " B, P R | _ b =] EN

a/nz_A,B+n2 o B kl-0o, )1l-0, )+ ocg)—l_b(aO'2 + Ko, a K‘):|

(52)

T L P N B S R R N , (53)

b/n, AGrn 1l-o, )[Ot+n1ﬂaak(1 o, )+(@ ag)a}

2 a1 n -1 B, g _ b a a 54

sL/nz_AﬁmZK Zin -0, -0+ ag)—l_b—l_K(O'l o, )} (54)

é/ﬁ2—6/ﬁ2:1 ﬁl 7 %0, A-a,)n, (55),

~B.—p, B.

GIf,—— 2 Mg (56)

pla, =Lt Po M (57)
P 1-B.-B, B

Y n, B (58)

Ly ey LR

From these, we have Proposition 3.

Proposition 3

With endogenous factor-biased innovation that may shift because of capital accumulation in the
three-factor case, with some relevant capital-skill complementarity technology as well as
relatively large population growth in unskilled labor, the following holds:

16 The details are available on request.
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If the population growth of unskilled labor is larger than that of skilled labor, skill-biased
innovation can be introduced at the steady state. In the stable steady state, the increase in the
population growth of unskilled labor can lead to expanding the frontier, resulting in more growth
and skill-biased innovation if the expansion effect of unskilled-biased innovation is small.
However, larger population growth of unskilled labor can lead to a greater increase in the skilled
labor share than in the unskilled labor share, and thus may result in more labor income inequality
if the expansion effect of skill-biased innovation is small.

We obtain our results when the population of skilled labor is relatively scarce and the innovation
possibility frontier is rather stationary. Therefore, if skilled labor supply is increasing, and the
expansion effect of the innovation frontier is large, some outcomes may be reversed. However, if
capital-augmenting technology such as automation and artificial intelligence technologies can
play the same roles for skilled workers and influence the expansion of the innovation possibility
frontier significantly as well as change the capital-skill complementarity structure, the
consequences of our analysis may lead to different outcomes.'” Then, an alternative framework
such as formulating endogenous capital-augmenting technical progress may be needed.

4. Concluding remarks

In this paper, based on a three-factor, two-level CES production function that has capital—skill
complementarity, we developed an endogenous skill-biased innovation model based on the
neoclassical growth model to analyze the dynamics of income inequalities. Extending the
innovation possibility frontier that has a skill-biased innovation type, we showed that some
relevant capital-skill complementarity technology and the possible shift in the innovation frontier
because of capital accumulation play significant roles in the stability of the steady state and the
behaviors of labor shares and inequalities. We also showed that relatively large population growth
of unskilled labor can introduce more skill-biased innovation and thus raise income inequality.
However, to investigate the implications of automation and artificial intelligence technologies on
growth, inequality, and unemployment, an alternative formulation of endogenous capital-
augmenting technical progress and its analysis are needed. These issues will be addressed in future
research.

17 See Acemoglu and Restrepo (2018) and Berg et al. (2018).
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Appendix

Aggregate elasticity of substitution

We can derive the endogenous elasticity of substitution as follows. w/r is given by the following
equation:

w/r = {uwi + (1 —u) wo} / {f (I, I2) = fa(ly, 12) li=fao(l1, 12) 12} (A1)

=v (I, I, u)
In this case, 1 = u/k and I, = (1 — u)/k, where k=KJ/L. Denoting G = (k/l)(d/l:/dKk), ik =
(k/12)(d/12/dk), we have the following equations:

Ou=-1and Ox=-1 (A2)
Moreover, defining 1= (1/v) ov/oly, 2= (l2/v) ov/6l,, the aggregate elasticity of substitution o * is
then written as

o *= [(w/r)/K]dk/d(w/r) (A3)

= {(k/V) dv/dk} -1

= (mOu + 720) 71

=(-m-n2)~
Calculating #1= (li/v) ov/oly and n2= (lo/v) ov/dl,, and specifying these in our two-level CES
production function yield

m= (bo"t-0171) al(a+ bx), n2=-o2"l/(@a+b) < 0. (A4)
Thus, the aggregate elasticity of substitution is given by

o= (=m—n2)*
= (a+ bx)l/(ac1 ™+ bror™Y) (A5)
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Figure 2 Stable case ac,  +bxo, ' >a+bx
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Figure 3 Unstablecase ao, ' +bxo, ' <a+bx

23



Figure 4 Dynamics of increase in saving rate and capital-augmenting technical progress
under stability case
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0 N2-N1 a* \\ ao

Figure 5 Endogenous skill-biased innovation a* > * (n2> n1)
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