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THE IMPLICATIONS OF CONVEX STRUCTURE ON THE FLUCTUATIONS
OF EMPLOYMENT AND REAL WAGES

CHANG KON CHOI*

Employing the stochastic growth model, this paper examines the implications of
strict convex preferences and technology on the asymmetric movement of the labor
market. With convex preferences and technology, hours increase at a decreasing rate
with respect to the shock. Under the same conditions, wages increase either at a de-
creasing or at an increasing rate with respect to the shock, depending on the nature
of labor supply function. So, this study suggests a structural explanation for the
asymmetric economic fluctuations observed over the cycle.

1. INTRODUCTION

Employing the stochastic growth model with a random shocks to production
technology, this paper examines the implications of strict convex preferences and
technology on the structures of the decision variables. More specifically, this pap-
er has the goal of analyzing the nonlinear structure of hours and wage functions,
which is proven to be caused by convexity of the economy.

The analysis will allow us to examine questions of whether the movement of
work effort and real wages is symmetric or asymmetric over the cycle. The con-
cepts developed here may be useful in understanding the third moments of hours
and real wage data. An understanding of the third moments is interesting because
of other studies’ findings of asymmetric unemployment or employment move-
ments over cycles. The nonlinearities and asymmetries discussed here may help to
explain some empirical findings in Neftci(1984), Falk(1986) and Delong and Sum-
ers(1986) concerning the apparent asymmetry of unemployment data, and also in
Brock and Sayers(1988) regarding the nonlinearity of employment and unemploy-
ment data.’ For example, Neftci(1984) finds that decreases in unemployment are
gradual and slow, but increases are large and quick. This paper, therefore, pro-

*I appreciate Gary Fethke, George Neumann and John Kennan for useful comments. I also than-
k two anonymous referees for useful suggestions. Any remaining errors are mine.

'See also Dynarski and Sheffrin(1986, 1987), Davis(1987), Frank and Stengos(1988) and Pfann
(1991).
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vides a theoretical explanation to these empirical observations, which is an alter-
native to Brock and Sayer(1988)’s hypothesis that the adjustment costs cause the
asymmetry and nonlinearity.?

The theoretical findings in this paper indicate that with strict convex preferen-
ces and technology, working hours and wage functions are systematically nonlin-
ear with respect to technology shocks. The finding of nonlinearity is not particu-
larly interesting since in most specifications of the economy, decision rules are
nonlinear. The results in this paper, however, are of interest because such nonlin-
ear structures can be deterministic and predictable, mainly due to the convex
structure of the economy. When there is an upward sloping labor supply func-
tion, hours are a strictly increasing function at a decreasing rate of the tech-
nology shock, while the real wage is a strictly increasing function either at a dec-
reasing or at an increasing rate. The latter depends on the rate at which marginal
disutility of work increases (equivalently, the rate of decreasing work incentive)
with respect to real wages. It is a simple reasoning to imagine that “strictly in-
creasing at a decreasing (increasing) rate” implies an asymmetry of upward (dow-
nward) rigidity.> Under the condition of convex technology, the results in this
paper may be used to infer the structure of the labor supply function. In other
words, the results are useful to test whether or not the marginal disutility of
work increases at an increasing or at a decreasing rate.¥ This paper is developed
as follows; in section 2, a one-sector stochastic model of the economy is introd-
uced and the preferences and technology structures are described. In section 3,
the nonlinear properties of the labor market are examined. The section 4 explains
the interpretations of the results in terms of asymmetry, and its implications. In
section 4, the identification problem is also discussed. Finally, concluding remarks
close this study in section 5.

. MODEL AND ITS EQUILIBRIUM

Here, we introduce the model economy with one good, two inputs and a lar-
ge number of identical workers and firms. Output is subject to a random shock.

2 One may need to be cautious in understanding a decrease in working hours as an increase in un-
employment. See the discussion in section 4.

To economize on terminology, we often omit “strictly”. The meaning of rigidity will be explained
below. Relating the findings in this paper to Blatt(1980)'s arguments, they imply that economists need
not give up the Frisch-type business cycle models for the reason that asymmetries of some variables
are observed. He argues that the observed asymmetry is not consistent with the Frisch-lype business
cycle theory.

That is, the second derivative of an empirical wage function with respect to shock may provide
some information about the nonlinear structure of labor supply function.
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Preferences

Fach worker is assumed to have a preference structure over a composite con-
sumption good and leisure, which is described by a time-invariant utility func-
tion: U[C, N ; R, = R, where R, is i dimensional nonnegative real space, and
C and N denote consumption and labor supply. Supply of working hours is lim-
ited by the maximum hours available to an agent, say, 1. The utility function is
strictly concave, U, — U, are positive, and U.., U,, are negative.® The separ-
ability of consumption and labor supply in preferences is convenient for later dis-
cussions; U,,=0. The worker’s problem is summarized as ;

(1) V= MaxEY) ; dOUCH), NB)} over CF) and NU) s.t

(2) A+ < MOWMH+(1+REAG - Q) and AE), ME) and A(t) > 0.

Here H{¢) is the expectation operator conditional on all available information at
time t, q(f) = the rate of time preference, A(f) = asset, WA?) = the real wage and
A(0) is given. The conditions describing the optimal labor supply decision are the
first order condition of (1) with respect to leisure and consumption (after arrang-

ing) : ULCW), NOI/ ULAE), M&)l = — W, and ().

Technology
Every agent in this economy has access to an instantaneous production tech-
nology subject to a random shock :

() Y©) = A8 FIN®), K@),

where Y(?) is the flow of output produced at time t, requiring input services of
labor M?) and capital K(¢). The production function F | is assumed to satisfy
the marginal productivity and strict concavity conditions. Technology is assumed
to be constant returns to scale and stationary over time. The technology shock
A¢) is assumed to be a first-order Markov stochastic process :

(4) Zt) [1-bL) = &)

(Here, b is a constant real number and L is the lag operator.) Agents can ob-
serve a realized shock A¢?) at the beginning of time t. The innovation e(f) has a
distribution function (d.f) (Ae) with mean g and variance o. The d.f (e) is as-
sumed to have a finite positive support so that Z¢) is always positive. Further,

5 Hereafter, subscripts denote the derivative of a function.



106 "THE KOREAN ECONOMIC REVIEW Volume 11, Number 1, December 1995.

the mean of Z¢) is assumed to be equal to | by imposing the condition that
1-b=p

Market Equilibrium

The economy is closed with a budget constraint and law of transition for cap-
ital stock:

(5 aO+KE+DN-6L = AHD+EH< YD)

where 6 denotes the constant capital depreciation rate. In solving for market
equilibrium, it is well known that if there is a social planner maximizing (1) sub-
ject to (3), (4), and (5), he can solve the problem using dynamic programing.
Among the distributions of decision variables to be explained in equilibrium, tho-
se of wages and quantity of labor are discussed here. The persistence and serial
correlation of working hours and wages are generated by the correlated tech-
nology shocks, and/or possibly, by the capital accumulation structure.

I. THE CHARATERISTICS OF HOURS AND REAL WAGE FUNCTIONS

To simplify the argument without loss of generality, a simple environment
will be employed to derive the main arguments. Then, those results will be ex-
tended to the more general case.

A Simple Labor Market

Here, the rate of time preference is constrained to be equal to the real rate of
return. This assumption, with no unearned income at time =0, has the effect of
eliminating an intertemporal substitution effect associated with changes in the
real interest rate. Specifically, a worker has a zero time effect since interest and
time preference effects cancel out. Alternatively, one may simply assume that the
real interest rate is constant.?

To begin, the utility maximization problem can be solved to vield a simple
labor supply function :

6 N@®=HW,Ql

where Q is a vector of preference and budget parameters and N'(¢) denotes the

labor supply. The Q may include series of future real wages, for which no atten-
tion is given in the analysis of this section. Note that in the usual equilibrium

% As shown in next subsection, however, the main results are robust to the introduction of con-
stant rate of time preference and/or non-zero unearned income with which changes in the real interest
rates will generate intertemporal substitution,
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model of labor market, the labor supply decision includes the real interest rate
R(t) as a variable, N(t) = H|W?), R(t), Q]. Here, the above labor supply func-
tion, (6), can be used because there is no time effect under the assumptions about
the preferences and budget structure.” The parametric representation of the der-
ivatives, H, and H,,, is defined from the structure of preferences and budget
constraint. While H, and H,, may be positive or negative, depending on the val-
ues of preference and budget constraint parameters (affected by the conflict be-
tween income and substitution effects), the general presumptions are that H, is
positive, and H,,, is nonpositive.* H, is called the marginal work incentive, or the
uncompensated labor supply effect of wage changes. Nonpositive H,., given posi-
tive H,, means that worker has a sufficiently decreasing substitution effect and/or
increasing income effect for rising wages, so that the marginal work incentive H,
decreases for increasing wages.®

On the other side of labor market, the firm’s optimal condition requires that
the marginal productivity of labor must be equal to the price of labor

(1) ZHF.[MY), K®) = W)

This also can be converted into the labor demand function (=N“(¢)) by referring
to the technology constraint, conditional on given technology parameters. Since
there is a level of wage equilibrating labor demand and supply, i.e., satisfying (6)
and (7) simultaneously, one can substitute (6) into (7), or vice versa. First, to see

780, (6) is nothing but a simple Marshallian labor supply function derived with the above assump-
tions. One may also work with the marginal utility of wealth constant or Frisch labor supply function
with other assumptions and some modification of arguments.(See Macurdy(1981) or Browning, Deat-
on and Irish(1983)). In that case, the discussion in this subsection corresponds to the case of fixed mar-
ginal utility of wealth while that in next subsection corresponds to the case of varying marginal utility
of wealth. For the former case, the marginal utility of wealth (or sometimes called price of utility) can
be fixed in the perfect foresight equilibrium or in the case where the new information leaves the price
of utility constant in the rational expectation equilibrium under uncertainty. And the R(f) in next sub-
section can be considered to be the price of utility.

® The specification of positive H,, and nonpositive H,,, is reasonable and convenient for the deri-
vation of later results. The above specification may be changed to account for different cases. For
example, among them, the case which one might want to discuss is the case of backward bending lab-
or supply function. Appendix A discusses this case, with predictions about the behavior of hours and
wages.

YA simple comparative static result for the labor supply function shows that with the separability
of consumption and leisure in preferences, if H,, is positive, then H,,, is nonpositive. And H,,, is con-
ditional on the third derivative of utility function with respect to consumption and leisure, which may
reflect the degree of risk aversion. Here, we give no attention to higher than the first and second der-
ivatives to emphasize the role of convexity since the first and second derivatives are sufficient to rep-
resent the convexity of the structure.



108 "THE KOREAN ECONOMIC REVIEW Volume 11, Number 1, December 1995.

the structure of working hours with respect to technology shock, it is convenient
to substitute (7) into (6) :

(®) MY = HZAY) F©)

where N'(£) = N(¢) = M?) in equilibrium and parameter vectors are omitted.
This is a policy function allocating labor, which develops in solving the social
planning problem. With (8), we have first proposition.

Proposition 1 The equilibrium working hours are increasing at a decreasing rate
with respect to the driving force.

Proof From (8), we have

9 N.=[H{) FEO1] 1 -2ZDH.@) F.D]
under the given conditions of economic structure, (9) is positive so that working
hours is shown to be procyclical. To investigate the nonlinearity of working hour-
s function, a differentiation of (9) gives (time notation is omitted)

(10) N.=[H,F,.N.+H,, W(F,+N.F,) | [l —H,ZF,,)

with the positive W, (see derivation (12) below), in determining the sign of (10), one
need to show that the term (F,+N.F,.2) is positive, which is proven in following
Corollary 1. Using the Corollary 1, the derivative (10) is negative. q.e.d.."

Corollary 1 F,+N.F,,Z is positive.”?

Proof F,+N.,F,Z = F,*|H,F,F,Z/|(1-H,F,Z2)]. This expression can be
rewritten as F[1+(H,F..Z)/(l-H,F,2) = FJ1(1-H,F,Z)] which is posi-
tive. q.e.d..”

©In (9) and (10), F,, is assumed away for a simplicity. See the explanation below about this as-
sumption.

U1n this proof, the budget condition is not considered fully. In next subsection, however, the con-
dition is considered by the role of ineterest rate.

12 The interpretation of Corollary 1 is of interest. It means that{ N, | is less than | F,,Z/F, |. Since
| F,xZ/F,,| is N2, it means that the actual equilibrium adjustment in working hours is less than the
desired adjustment by the firm. This is true, intuitively, as long as the labor supply function is not per-
fectly inelastic.

BT appreciate George Neumann for simplifying this proof remarkably.
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A larger value of H,, makes the value of (10) larger and does not change the
sign of (10). This point is emphasized because the role of H,, is different in the
case of wage function. Interpreting the first two derivatives, it is obvious from (9)
and (10) that hours are strictly increasing at a decreasing rate with respect to the
technology shock. This structure of working hours with respect to the shock may
be called “concave”.#

Next, to examine the nonlinearity of the wage function, we substitute (6) into
(7), yielding®

(1) W) = ZOF,[HW))]

Proposition 2 With (11), wage function is increasing at a decreasing rate or an
increasing rate, which depends on the nature of labor supply function.

Proof From (11), one can have
(12) W, =[F®l/ [1-ADF.OH.).

It is easy to verify that (12) is positive, meaning that real wage movement is proc-
yclical. The differentiation of (12) yields ;

(13) Ww. =I[QH,+ZH,.,W)W.F,] | [\ -ZF..H,.

Similar to (10), the value of (13) is determined by preference and technology
properties. Note that, unlike (10), (13) has the possibility of being positive,
implying that real wages increase at an increasing rate with respect to the shock.
Specifically, one can see that the sign of (13) depends on the rate at which the
marginal work incentive (=H,) changes for varying wages. The rate is repres-
ented by the value of H..: W, is positive if | H,.,| is greater than |2H,ZW.|,
and it is negative if | H..| is less than |2H, /| ZW.|. The former case can hap-

4 Note that the derivative conditions used here is not free from measurement units. Thus, the size
of derivatives may vary with measurement units. One can have the elasticity of hours and wage, and
also the elasticity version of the second derivatives with respect to shock by applying the standard for-
mula. The elasticity version of the second derivative of hours and wage with respect to shocks are N,,
Z/N, and W, Z/W, respectively. Here, we continue to use the derivatives for convenience.

15 For the sake of simplicity, we use “concave” to mean a function that is strictly increasing at a
decreasing rate, and “convex” to denote a function that is strictly increasing at an increasing rate. We
call a strictly increasing and concave function as concave, and strictly increasing and convex function
as convex.

16 The expression (11) defines a relative price supporting the policy function of (8).
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pen when H,, is a fairly large negative value. It means that the marginal disutil-
ity of work efforts increases quickly (or marginal work incentive decreases quick-
ly). qed..

The effects of convex preferences and technology on the structure of wage
and employment functions can be examined separately by the followiing obser-
vation.

Observation The diminishing marginal returns and increasing marginal disutility
of work effort, associated with the convex technology and preferences, are coop-
erative in making the hours function concave, but are not so in shaping the non-
linearity of wage function. In the case of wage function, if the latter is sufficiently
strong, the wage function may be convex. Otherwise, it is concave. Specially,
when marginal disutility of work is constant (H,,=0), then both hours and wage
functions are concave.(See the proofs of Propositions 1 and 2)..”

A General Labor Market

In this subsection, the above analysis is extended to the case where the rate of
time preference is constant and/or worker has a positive non-labor income. Then,
the labor supply decision is affected by the real interest rate: N(f) = H W),
R(t), QJ, with the assumed derivative conditions of nonnegative H, and nonpos-
itive
H,®» With the structure described above, we have propositions corresponding to
propositions 1 and 2.

Proposition 1* Hours function is an increasing function of driving force at a dec-
reasing rate.

Proof First, the equilibrium condition (8) is written as follows:

71n the above derivations, F,, has been assumed way. If F, is of a significant positive value,
then, it can change the derivatives and arguments in the above. This event can happen when the posi-
tive value of Fj, dominates the diminishing marginal productivities, so, the negative values of F,,.
However, it scems plausible to presume that the value of F,, is fairly small enough to be ignored.
More fundamentally, it should be kept in mind that the theoretical results in this section is static, but
not dynamic. Specifically, the role of (expected) future shock which is affected by the current shock is
absent. As explained before, this point may not be so wrong in the perfect foresight equilibrium.

18 The positive H, is often found when preferences are time-separable. For example, see Alog-
oskoufis(1987). The nonpositive H,, is corresponding specification to the nonpositive H,,, in the com-
parative statics L
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(8)* M) = HIZF(D, R(@®). This condition gives us*’
(9)* M2) = [H,F,+H,R) [l -H,ZF.).

The expression (9)* is positive, implying a procyclical working hours. The second
derivative of the hours function with respect to the shock is given by

(10)* N,, = [H... W(F,+ZF,,N)+2H,F,.N.+H,RY | | -H, ZF,)]

First, one can examine the case of the linear labor supply function. If H,, and
H,, are zero, (10)* is negative, implying a concave hours function. When H.,, is
not zero, we need one (sufficient, not necessary) condition for the hours function
to be concave: |F,| is greater than | ZF,.N.|. This is the same condition as
proved in Corollary 1.2 Now it is necessary to specify the structural relationship
between the real interest rate and technology shocks. We assume that R, is posi-
tive and R,. = 0.2 (This same condition about R, and R.. is employed in the
next derivation and interpretation of wage function). Then, it is easy to see that
(10)* is negative. q.c.d..?

Proposition 2 The wage function is an increasing function of technology shock
at an increasing rate or a decreasing rate, depending on the nature of labor supp-
ly function.
Proof We have

(1D)* W) = ZDF, [HHWMD), R@®))]

From (11)*, we can have (12)*.

¥ Since the cross derivative of production function is assumed away as in the preceding subsection,
the role of real interest rate in the labor demand may be ignored here. Note that even when the real
interest rate can not be ignored in the labor demand, the argument in this section is still valid. In that
case, the argument may be strengthened or weakened.

2 In proving this condition algebraically, one condition is required: the intertemporal substitution
for change in the real interest rate should not dominate that for change in real wages. This appears to
be a reasonable condition.

% The direction of real interest rate movement is not predicted theoretically. The question should
be answered empirically. For example, the positive R, is observed in a simulation work of Kydland
and Prescott(1982). And the assumption of constant R, is convenient to focus on the nonlinearity of
labor market. Note that this assumption has been already used in deriving (9)*. This assumption is
not crucial, but can be relaxed.

Z Note that if H, (thus H,,) is zero, (11)* and (12)* are equal to (11) and (12) respectively.
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(12* W. = |F, + HR.ZF,) | [l - ZF,.H.)

(12)* implies that wages may not be procyclical if H, and(or) R, are (is) of (a)
significant values. This is a very intuitive result. Based on empirical evidences, it
is not too wrong to assume away the case of sgnificant values of H, and R..
So, (12)* is positive.

The nonlinearity of the real wages is given by

13)* w,, = F,[W. QH,+ZH,.W)+QHR,+ H,R)| | 1 - ZF,,H.).

The derivation of (13)* is a little complicated, but it can be given a consistent in-
terpretation. First of all, one can focus on the implications of the convex tech-
nology, by presuming a constant marginal work incentive with respect to real
wages and interest rate : H,.,= 0 = H,,. Then, the wage function is concave since
(13)* is positive and (13)* is negative. This is the same result as in the previous
section. Alternatively, when there exists significantly increasing marginal disutility
of work effort, the wage function may be convex since (13)* is positive if | H,,|
and | H,| are sufficiently large. q.e.d..?’

V. INTERPRETATION, IMPLICATIONS AND IDENFICATION

Interpretation and Implications

One may give an interpretation of the above results in terms of asymmetric
movement in hours and wages. Concavity (convexity) means a smaller (larger) in-
crease relative to a decrease for an equal change in the independent variable.
Thus, the concavity of hours function may imply an asymmetry or “upward” rig-
idity of hours: large decreases during downturns and small increases during uptu-
ms over cycles. Similarly, convex wage function can mean “downward” rigidity :
small decreases during downturns and large increases during upturns. It is re-
markable that while wages and hours are allowed to be perfectly flexible, they
may show a “rigidity” in the “second” derivative sense.> The above interpreta-
tions of nonlinearity in terms of asymmetric movement of hours and wages pro-
vide plausible explanations to some observed behavior in other studies. It has
been pointed out that unemployment data show a type of asymmetric movement,
specially, sharp or large increases and gradual or small decreases : see Neftci

3 Again, if H, (thus H,,) is zero, (12)* and (13)* are equal to (12) and (13) respectively.

% These asymmetries implied by the nonlinear hours and wage functions may be more relevant
than nonlinearities themselves in understanding the observed hours and real wage data since we have
only discrete observations.
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(1984), Falk(1986) and Davis(1987).% One can explain this asymmetry under the
presumption that movements of working hours are the converse of unemploy-
ment:decreasing working hour means rising unemployment, and vice versa.?
Under this interpretation, asymmetric movement of unemployment data is easily
generated in this model. The opposite interpretation of concave employment in
terms of unemployment is just the observed movement in the above cited studies:
relatively large (or quick) increases and small (or gradual) decreases in unemploy-
ment. In another context, Brock and Sayers(1988) find nonlinearity in both em-
ployment and unemployment time series data. -For nonlinearity, the above con-
cave structure of hours with respect to shock is a sufficient condition.

Being concerned with econometric modelling, the results in this paper raise
question about studies where the linearity of endogenous variables with respect to
exogenous variables is assumed. One obvious point is that decisions and predic-
tions based on the linear model may be inefficient because they are not using in-
formation fully.?? The possible problems caused by the specification of linear
model when the true structure is nonlinear are discussed in Neftci(1984, 1982)
and Brock and Sayer(1988). The former points out the problem in applying the
asymptotic theory of linear model to nonlinear structure. The latter finds that the
nonlinearity left in the residuals of the best fit linear model is significant (strong
dependence in the residuals of the best fit linear model for industrial production,
employment and unemployment). The results in section 3 imply that linear struc-
tures (specially, in the labor market) can be justified only when the productivity
of labor is zero, and the economy has a perfectly inelastic labor supply function.

Identification Problem

The above discussions of working hours and wage functions show that they
are inherently nonlinear and asymmetric, basically because of the convex struc-
ture of the economy. However, as mentioned in Brock and Sayer(1988), it is also
true that if the economy incurs convex adjustment costs over cycles, then, it may
generate the nonlinearity or the asymmetry of the same kind. One can conjecture

% Such an asymmetry is also found in Delong and Summer(1986) which use the skewness measure-
ment, and in Dynarski and Sheffrin(1987) which also examine the asymmetry of consumption expendi-
ture.

% In this discussion, one should keep in mind the following points. First, as a referee point out, the
unemployment we are talking about should only include the layoff and/or quit, but not the new
entrants to the labor market. Note also that the explanation is limited only to the flow part of unem-
ployment stock. Another point is that the theory in this paper is only about the asymmetric amplitude
of upward rigidity, but not about the other asymmetries of frequency or duration also examined in
other literatures.

7 Ashely and Patterson (1989) also show that the nonlinearity is an important factor to consider in
developing a model.
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that both structural explanations are theoretically equivalent, raising an identifi-
cation problem. In other words, interpreting working hours and wages as output-
s, the technology shock as an input, and the structural relationship as a system,
the above two hypotheses are concerned about the system(mechanism), that is,
the system may be nonlinear either because of convex structure of the economy,
or because of convex adjustment costs. Identification problem does not end here.
Besides these two reasons, there is another possible reason for the asymmetry, as
briefly mentioned in Neftci(1984). This third case is concerned with the distri-
bution of inputs (here, technology shocks). It may be the case that underlying
inputs(shocks) are non-linear (non-Gaussian) or asymmetric while the system it-
self is linear or symmetric. That is, the shock may be with an asymmetric ampli-
tude of large decreases and small increases.

The identification between the two structural reasons and the third reason of
“nonlinear inputs” may be solved by an elementary fact in time series studies.
For an identification between the two structural explanations, however, there exis-
ts no satisfactory theory. It seems more difficult to distinguish two structural
explanations of convex structure and adjustment cost since they are (at least
theoretically) equivalent, as proved below in the proposition 3. While the adjust-
ment cost may be in the preferences and/or technology, the proposition is con-
cerned with the adjustment costs in the technology.® So, the production tech-
nology is

(14)  YW) = A ANG), M-, k@)].

Proposition 3 With convex adjustment costs in technology, hours function is
concave with respect to technology shock.(See Appendix for the proof)

The proposition 3 suggests that for the identification between the convex struc-
ture and convex adjustment costs, behavioral parameters in the decision rules are
not useful, but structural parameters should be examined. One plausible method
is to specify a complete model of preferences and technology and derive the first
order conditions which can be estimated (generally by an instrumental variable

B If the system is linear, the non-normalized spectral density function of the output series will equal
the non-normalized spectral density function of the input series times the squared modulus of the tran-
sfer function. Also, there is another supplementary test for checking the non-linearity or non-Gaussian-
ity of time-series data, by measuring the polyspectra: e.g., all polyspectra of higher order than second
order will vanish when a series is Gaussian. It is common to examine the bispectrum (and higher spec-
trum) for assessing the nonlinearity or non-Gaussianity of time series data. It is known that the linear
spectrum is not useful in the examination of asymmetry or nonlinearity. For a good summary, see
Priestly(1988).

% The other cases where both preferences and technology incur adjustment costs, or the preferences
alone incurs adjustment costs can be also easily examined. See Corollary 1.
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procedure). Then, it is possible to test the parameters related to convex structure
and convex adjustment costs in such an estimation procedure (for example, using
test statistics developed by Gallant and Jorgenson(1979) in the case of nonlinear
model).® Thus, one can test the relative importance of two factors as long as
one can specify an econometrically identified model, the specification of which is
not simple.

V. CONCLUSION

This paper shows that in the labor market of one sector model, when the
economy is strictly convex, hours and wage functions are inherently nonlinear
with respect to driving force of technology shock. Thus, we conjecture that hours
and wages determined in the labor market may generate systematic and predict-
able nonlinearities and asymmetries over cycles. In particular, it is shown that giv-
en a convex technology, the labor supply function may be important in shaping
the strucutre of those functions. The nonlinear structure found in this paper is
used to explain some asymmetriy or nonlinearities observed in other places. The
results of this paper suggest that the (absolute) elasticity of hours and real wages
with respect to the shock is larger in the contraction than in the expansion. It
may be a valuable observation in understanding the asymmetry of aggregate data
in different market economies.(See Falk(1986)). For example, one can conjecture
about the preference structure by looking at the asymmetry of wage and hours
data, and then compare the conjecture with parameter values observed in other
studies of preferences.®

The results in this paper suggest further works in several directions. First, one
may attempt other possible methods, including simulation, to test the hypothesis.
One can examine how the simulated hours and wages change (in the sense of
nonlinearity) for different choice of parameters. Second, as already mentioned,
more work to solve the identification problem is desirable to find correct sources
for the nonlinear and asymmetric movements of hours and wage (possibly other
economic time-series). Finally, note that discussions in this paper proceed under
the assumption of no systematic preference shock relevant to decision making, If
the measure of such preference shock is significant, then the above derived results
might be given a different interpretation.

% The good examples are Shapiro(1986) or Pyndyck and Rotemberg(1983). Actually, both studies
find that the adjustment cost for labor is not important in labor demand. Their finding, however, can
not be applied directly for the identification problem in this paper because they ignore preferences.

3 For example, in a simple case where the real interest rate is neutral in the labor supply decision,
the covariance structure of real wages and hours can give some information about the labor supply
function. In this case, this paper shows that working hour function will have the larger first derivative
than wage function with respect to shock if H, is greater than one.
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APPENDIX

A. Nonlinearity with Backward Bending Labor Supply

With a backward bending labor supply, the discussions in the text are modi-
fied. First, note that with negative H(=N,), N, and W, will have different signs
depending on the values of | Ni| and | N, |. One can verify that N, is negative
(positive) and W, is negative (positive) if | N | is greater (less) than | N |. Here,
| N.| is derived as : | N.,|=|1/ZF,.| and N, = H,. One observation is that with
a backward bending labor supply, either hours or wages can be countercyclical,
but not both. This elementary fact is helpful in interpreting the empirical work.
Secondly, for N,, and W., one can have a deterministic results only when | N |
is greater than |N,|: N, and W, are nonpositive, as easily verified from (10)
and (13) in the text.

Proposition A-1 With nonpositive H,, only one of N, and W, should be nega-
tive with the other being positive, without regard to the values of | N.| and
| N, |. One can predict negative N,. and W,, with nonpositive N, and nonnegativ-
e W, if | Ni|is greater than | N, |.

Applying the same argument to the case of the labor supply with interest rate as
an argument, it is found that, with the above condition about | N, | and | N, |,
nonpositive N, and undetermined N,. and nonnegative W, with negative (posi-
tive) W.. if H,, is very large (small).

B. Large Fluctuations of Hours Relative to Wage

A stylized fact in the labor market is large fluctuations of hours relative to
wages. This fact can be partially explained by the nonlinear hours and wage fun-
ctions. For this purpose, we distinguish two cases. First, the case of H,..= 0 is di-
scussed: the constant marginal work incentive.

Proposition B-1 With H,..= 0, the volatile movements of hours relative to wages
can be generated by right-skewed distribution (RSD) [or left-skewed distribution
(LSD)] of shocks if hours is less [or more] concave than wage.

This observation can be verified by checking the degree of concavities and geo-
metric shapes of two different concave functions: For example, for the less con-
cave variable to have a larger variation, shock should be of RSD. While proposi-
tions in this section are very obvious intuitively, it is not easy but possible to
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prove. The more promising method may be a simulation work : measure the var-
iances of hours and wages simulated in differently specified models. We have a
similar observation for the case of negative H,,. Here, an emphasis is on the case
where there is a strong reduction in marginal work incentive for rising wage so
as to make convex movements of wages (see (13) and (13)*) (because the other
case is the same as the above observations). Note that the result does not depend
on the derivative H,.

Proposition B-2 With a value of | H,, | greater than |2H, / ZW,|, the shock of
LSD is necessary to have the volatile hours and smooth wages.

C. Poof of proposition 3

Proof When production technology is (14), the social planer’s problem produces
the following first-order conditions

(15) uayn, NO)-T@®) =0
(16) UDO+TOZOFDO+qr¢+ DA+ 1DEE+1) = 0.
(17) re¢+D)At+DE(+1)+(0-8)-T(¢) = 0.

(18) ZOHAMNY), N¢—-1), KOI+(1-0)- K@) - Kt +1)-C¢) = 0.

and the transversality condition, tlim dTOKE+1) = 0.

where I'(?) is the Lagrange multiplier.
In exercising a comparative statics on these conditions, we impose a simplifying
assumption that marginal utility of consumption is constant. Then, (15) is not re-

levant for the comparative statics, only (16), (17) and (18) are used for it. The
comparative statics results are

(19) N, ={-E{WqAt+1)F.+1)} | {A},

Where A = {{U,.(t)+ AV F..(¢)+qZ¢ +1)F,,(t+1)] [gZt+1)F,(¢+1)]} which is
positive. So, (19) is positive. And

(20) N. = {gAt+1D)F.¢+DF.¢)—F,.(¢)NJ} | {A} which is negative. This
proves that hours function is concave with respect to technology shock. g.e.d..
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Corollary 2 With convex adjustment cost or time-nonseparability in the preferen-
ces, hours function is concave with respect to technology shock.

Proof The proof of Corollary 2 is a simple exercise using that of proposition 3,
with a modification.
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